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Coherence effects by the impurity scattering of Caroli–de Gennes–Matricon (CdGM) modes in a vortex
for nodal topological superconductors have been studied. The coherence effects reflect a topological number
defined on a particular momentum space avoiding the superconducting gap nodes. First, we analytically
derived the eigenvalue and eigenfunction of the CdGM modes, including the zero-energy modes, in a nodal
topological superconducting state without impurities, where we focused on a possible superconducting state
of UPt3 as an example. Then, we studied impurity effects on the CdGM modes by introducing the impurity
self-energy, which are dominated by the coherence factor depending on the eigenfunction of the CdGM
modes. For the zero-energy CdGM modes, the coherence factor vanishes in a certain momentum range,
which is guaranteed by topological invariance characterized by the one-dimensional winding number.
Topological materials, such as quantum Hall systems,1
topological insulators,2, 3 and topological superconduc-
tors/superfluids,3–5 have been attracting wide attention,
and investigation of their topological phases has been de-
veloping beyond the field of condensed matter physics.6
The topological phase is characterized by topological
numbers defined in gapped states, where topological in-
variance guarantees the presence of gapless edge modes.
Also for nodal superconductors/superfluids, the topolog-
ical numbers can be defined on a particular momentum
space avoiding gap nodes.7, 8 However, when there is mo-
mentum transfer due to the presence of impurities, the
validity of the procedure of taking a particular momen-
tum space is not clear.
Zero-energy vortex modes in a topological phase are
also characterized by topological numbers defined on
a base space (k, φ), which consists of the momentum
and a parameter φ on a circle surrounding the vortex.9
In superconductors/superfluids, the zero-energy vortex
modes are derived from the Caroli–de Gennes–Matricon
(CdGM) modes.10 In particular, on superconductors, the
robustness of the CdGM modes, namely their relaxation
time, can be observed by flux flow conductivity measure-
ments.11 Therefore, impurity effects on the CdGMmodes
are promising for providing a criterion for the availability
of the topological classification of nodal superconductors.
The heavy fermion superconductor UPt3
12, 13 is a
highly probable nodal topological superconductor. As a
result of numerous experimental and theoretical studies
over three decades, the possible gap functions in UPt3
have been narrowed to the E1u planar state,
14, 15 E1u
chiral state,16 and E2u chiral state.
17 All of the pair-
ing states in the low-temperature and low-field phase,
i.e., the B-phase, show topologically protected gapless
edge modes.18, 19 In this paper, we mainly focus on
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the E1u planar state described by the d-vector d(k) ∝
(xky+ykx)(5k
2
z−k2) as an example of the nodal topolog-
ical superconducting state. The gap function has point
nodes at the north and south poles on the Fermi surface
and two horizontal line nodes at kz = ±kF/
√
5, where
kF is the Fermi wave number.
Our aim is to clarify the significance of the topological
classification of nodal superconductors by studying im-
purity effects on the CdGM modes. In a vortex along
the z-direction, the E1u planar state has many zero-
energy CdGM modes with momentum |kz | < kF between
the point nodes. In this paper, we have demonstrated
that the zero-energy modes show characteristic impu-
rity effects owing to the coherence factor vanishing in
a certain momentum range. The coherence factor of the
zero-energy modes reflects a topological number, which
does not change unless crossing the horizontal line nodes.
Thus, the topological classification of nodal supercon-
ductors is effective even when momentum transfers are
caused by impurity scattering.
First, we derive CdGM modes without impurities from
the Bogoliubov–de Gennes (BdG) equation. The BdG
equation for an inhomogeneous order parameter is de-
scribed by20∫
dr2
(
ǫˆ(r1, r2) ∆ˆ(r1, r2)
∆ˆ†(r2, r1) −ǫˆT(r2, r1)
)
~uν(r2) = Eν~uν(r1).
(1)
The normal-state Hamiltonian omitting the vector po-
tential, which can be neglected when considering the
CdGMmodes in low fields with a large Ginzburg–Landau
parameter κ≫ 1,10 is given by
ǫˆ(r1, r2)
1
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= δ(r1 − r2) ~
2
2m
[
−∂2ρ −
1
ρ
∂ρ − 1
ρ2
∂2φ − ∂2z − k2F
]
σˆ0,
(2)
where m is the particle mass, σˆ0 is the 2× 2 unit matrix,
and (∂ρ, ∂φ, ∂z) are differential operators in cylindrical
coordinates. The pair potential is
∆ˆ(r1, r2) =
∫
dk
(2π)3
∆ˆ(r,k)eik·r
′
, (3)
with r = (r1 + r2)/2 and r
′ = r1 − r2, and the wave
function is
~uν(r) =

u↑ν(r)
u↓ν(r)
v↑ν(r)
v↓ν(r)
 . (4)
For the E1u planar state,
14, 15 the gap function is de-
scribed by
∆ˆ(r,k) ≡id(r,k) · σˆσˆy
=i∆(r)(xky + ykx)(5k
2
z − k2F)/k3F · σˆσˆy, (5)
with the Pauli matrix σˆ. When we consider the singly
quantized vortex state described by ∆(r) = ∆(ρ)eiφ, the
spin-degenerate eigenvalue of the CdGM modes is given
by21
Eν = −lωq, (6)
where
ωq ≡ |5 cos2 α− 1|
∫∞
0
|∆(ρ′)|
kFρ′
e−2χq(ρ
′)dρ′∫∞
0
e−2χq(ρ
′)dρ′
, (7)
with
χq(ρ) =
|5 cos2 α− 1|
~vF
∫ ρ
0
|∆(ρ′)|dρ′, (8)
by using the Fermi velocity vF. The quantum number
ν = (l, q) consists of the angular momentum l and the
wave number along the vortex line q ≡ kF cosα. The
eigenfunction of the CdGM modes for the up- (down-
)spin state is given by21
~u↑(↓)ν (r) = Ûl(φ)~u
↑(↓)
ν (ρ)e
iqz/
√
2π, (9)
where Ûl(φ) ≡ diag(ei(l+1)φ, eilφ, ei(l−1)φ, eilφ)/
√
2π and
~u↑ν(ρ) ≡N ↑ν

Jl+1(kqρ)
0
sqJl−1(kqρ)
0
 e−χq(ρ),
~u↓ν(ρ) ≡N ↓ν

0
Jl(kqρ)
0
−sqJl(kqρ)
 e−χq(ρ),
(10)
with the Bessel function Jl, kq ≡ kF sinα, sq =
sgn(5 cos2 α− 1), and the normalization factor N ↑(↓)ν for
the up- (down-)spin state. Here, we show the eigenvalue
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Fig. 1. (Color online) Eigenvalue of the CdGM modes Eν =
−lωq for |l| ≤ 5 within the superconducting gap ∆0|(5 cos2 α −
1) sinα|, where q/kF = cosα.
Eν calculated for ∆(ρ) = ∆0 tanh(ρ/ξ) with kFξ = 5
in Fig. 1, where the coherence length is defined by
ξ ≡ ~vF/∆0.
Next, we consider impurity effects on the CdGM
modes. The Dyson equation obeyed by the Mat-
subara Green’s function with impurity self-energy
Σ̂imp(r1, r2, ωn) is described by
Ĝ(r, r′, ωn) = Ĝ
(0)(r, r′, ωn)
+
∫
dr1
∫
dr2Ĝ
(0)(r, r1, ωn)Σ̂imp(r1, r2, ωn)Ĝ(r2, r
′, ωn).
(11)
The impurity self-energy is given by
Σ̂imp(r1, r2, ωn) =
Γn
πNF
F (r1 − r2)Ĝ(r1, r2, ωn)
≡γF (r1 − r2)Ĝ(r1, r2, ωn), (12)
where NF is the density of states (DOS) per spin in
the normal state at the Fermi energy, Γn is the impu-
rity scattering rate in the normal state, and F (r1 − r2)
describes the spatial dependence of the squared impu-
rity potential. Here, F (r1 − r2) = δ(r1 − r2) gives the
impurity self-energy by the self-consistent Born approx-
imation.22–24 Instead, we introduce the spatial depen-
dence of the impurity potential in the z-direction as
F (r1−r2) = δ(ρ1−ρ2)f(z1− z2), where ρ indicates the
two-dimensional coordinates perpendicular to the vortex
line. The Green’s function without impurities is derived
from the BdG wave function in Eq. (4) as
Ĝ(0)(r, r′, ωn) =
∑
ν
τ̂z~uν(r)~u
†
ν(r
′)
Eν − iωn , (13)
where τ̂ is the Pauli matrix in the Nambu space. By
deriving Ĝ(r, r, ωn) from Eq. (11), we can obtain the
2
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DOS as
N(ω) =
∫
drIm
[
1
π
Trτ̂z Ĝ(r, r, ωn)
∣∣∣
iωn→ω+i0+
]
=− 1
π
∑
ν
Im
[
1
ω − Eν + σν(ω) + i0+
]
≡
∑
ν
Nν(ω). (14)
Here, we consider the DOS of the CdGM modes
Nl,q(ω) = N
↑
l,q(ω) +N
↓
l,q(ω) by the approximation of ne-
glecting the contributions from the continuum state to
the impurity self-energy of the CdGM modes. Within the
approximation, the relaxation time of the CdGM modes
depends on the modified self-energy σ
↑(↓)
ν (ω) for the up-
(down-)spin mode:23
σ↑(↓)ν (ω) = −
γ
(2π)2
∑
l′
∫
dq′f˜(q − q′)
× M
↑(↓)
ν,ν′
ω − Eν′ + σ↑(↓)ν′ (ω) + i0+
, (15)
where f˜(q) is the Fourier transform of f(z). The modified
self-energy reflects the wave function of the CdGMmodes
in Eq. (10) through the coherence factor
M
↑(↓)
ν,ν′ =
∫
ρdρ
∣∣∣~u↑(↓)†ν (ρ)τ̂z~u↑(↓)ν′ (ρ)∣∣∣2
=
∫
ρdρ
∣∣∣m↑(↓)ν,ν′ (ρ)∣∣∣2 e−2χq(ρ)−2χq′ (ρ), (16)
where
m↑ν,ν′(ρ) = N ↑νN ↑ν′
× [Jl+1(kqρ)Jl′+1(kq′ρ)− sqsq′Jl−1(kqρ)Jl′−1(kq′ρ)],
m↓ν,ν′(ρ) = N ↓νN ↓ν′
× [J−l(kqρ)J−l′(kq′ρ)− sqsq′J−l(kqρ)J−l′(kq′ρ)].
(17)
Altogether, the coherence factor dominates the relax-
ation time of the CdGM modes. If Mν,ν′ = 0, the ν
′th
CdGM mode does not contribute to the modified self-
energy on the νth CdGM mode. When νth and ν′th
CdGM modes have momentum inside or outside the hor-
izontal line nodes, namely sqsq′ = 1, m
↓
ν,ν′(ρ) = 0 irre-
spective of l and l′. Thus, impurity scattering with the
transition between these CdGM modes in the down-spin
state does not occur, which is similar to the impurity
effects on the CdGM modes in an antiparallel vortex
for the chiral p-wave state.23, 25 Here, “antiparallel” in-
dicates that the vorticity is antiparallel to the orbital
chirality.
On the other hand, m↑ν,ν′(ρ) 6= 0 even for sqsq′ = 1
except when l′ = −l. If the impurity scattering rate of
the CdGM modes Γ is smaller than the level spacing of
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Fig. 2. (Color online) DOS of CdGM modes Nl,q=0 for −5 ≤ l ≤
0 derived using the modified self-energy in Eq. (15) with f˜(q−q′) =
1 (a) and f˜(q − q′) = θ(kF/10− |q − q
′|) (b).
the eigenvalue, the CdGM modes are dominantly trans-
ferred between states with the same angular momentum.
For sqsq′ = 1, since m
↑
(0,q),(0,q′) = 0, the zero-energy
CdGM modes in the up-spin state are hardly scattered,
which is similar to the impurity effects on the CdGM
modes in a parallel vortex for the chiral p-wave state.23
The different contributions from the up- and down-spin
states to the coherence factor are similar to the case of an
s-wave topological superconductor by Rashba-type spin
orbit coupling.24
Thus, impurity scattering with the transition between
the zero-energy CdGM modes with sqsq′ = 1 hardly oc-
curs; however, the scattering between the CdGM modes
with sqsq′ = −1 generally occurs, regardless of whether
the excitation energy is zero or not, because Mν,ν′ 6= 0.
In Fig. 2, we show the DOS of each CdGMmodeNl,q=0
for −5 ≤ l ≤ 0, where the impurity scattering rate Γ of
the CdGM mode is reflected by the width of the DOS
spectrum. In the calculation of the modified self-energy
in Eq. (15), we sum the CdGM modes with |l′| ≤ 10
and set the impurity scattering rate in the normal state
to Γn = 0.05π∆0. We again take ∆(ρ) = ∆0 tanh(ρ/ξ)
with kFξ = 5, which fixes χq(ρ) in the coherence factor
and the eigenvalue of the CdGM modes Eν′ as shown
in Fig. 1. The difference between Figs. 2(a) and 2(b) is
the spatial dependence of the impurity potential in the
z-direction.
In Fig. 2(a), we put f˜(q − q′) = 1 in Eq. (15), which
3
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implies f(z) = δ(z). Since the modified self-energy is
given by the integral over all |q′| < kF, there are many
pairs of zero-energy CdGMmodes with sqsq′ = −1 across
the line nodes; thus, the many relaxation processes give a
large Γ for the zero-energy modes. For Nl,q=0 with l < 0,
the lower-energy mode has the broader spectrum, which
is similar to the CdGM modes in a vortex for the s-
wave state and in a parallel vortex for the chiral p-wave
state.23, 25
Next, we consider the step function f˜(q − q′) =
θ(k − |q − q′|), which is the Fourier transform of f(z) =
sin(kz)/(πz). In the calculation of the DOS of the CdGM
modes in Fig. 2(b), we take k = kF/10. In this situation,
the down-spin CdGM modes have the DOS N↓l,q=0(ω) =
δ(ω−El,0) owing to the coherence factorM↓(l,0),(l′,q′) = 0
within |q′| < kF/
√
5. In Fig. 2(b), we show the DOS
N↑l,q=0 for the up-spin CdGM modes, in which only the
zero-energy mode has a sharp DOS, which is due to the
fact that M↑(0,0),(0,q′) = 0. Except for the zero-energy
CdGM mode, the lower-energy mode has the broader
spectrum with an asymmetric tail toward the low en-
ergy, where the asymmetric spectrum reflects the convex
dispersion of the CdGM modes for l < 0 around q = 0.
The robust zero-energy modes demonstrated in
Fig. 2(b) can be understood from the one-dimensional
winding number, which is a topological number defined
on a closed path with particular values of momentum.
For the calculation of the winding number, we consider
the semiclassical BdG Hamiltonian parametrized by the
angle φ on a circle surrounding the vortex as
Ĥ(k, φ) =
(
ǫˆ(k) ∆ˆ(k, φ)
∆ˆ†(k, φ) −ǫˆT(−k)
)
. (18)
Here, ǫˆ(k) is the Hamiltonian in the normal state of
UPt3, which has the D6h hexagonal symmetry. For the
E1u planar state with a vortex, whose pair potential is
described by ∆ˆ(k, φ) = ∆0e
iφ(−kyσˆz + ikxσˆ0)(5k2z −
k2F)/k
3
F, the semiclassical BdG Hamiltonian has magnetic
reflection symmetry on the xz-plane.18 From the combi-
nation of the magnetic reflection symmetry and particle-
hole symmetry, we obtain chiral symmetry on ky = 0
and φ = 0 or π as {Γ̂, Ĥφ=0,pi} = 0, where Γ̂ ≡ τ̂x and
Ĥφ=0,pi ≡ Ĥ(kx, ky = 0, kz, φ = 0, π). The chiral sym-
metry enables us to define the one-dimensional winding
number as26, 27
wφ=0,pi(kz) = − 1
4πi
∫
BZ
dkxTr
[
Γ̂Ĥ−1φ=0,pi∂kxĤφ=0,pi
]
,
(19)
where the line integral should be performed over the Bril-
louin zone. Since the winding number depends on the
sign of the gap function,27 we evaluate w0 = −wpi = −2
for |kz| < kF/
√
5, w0 = −wpi = 2 for kF/
√
5 < |kz | < kF,
and w0 = wpi = 0 for |kz | > kF.18 The difference in the
winding number (w0 − wpi)/2 = N guarantees the ex-
istence of at least |N | zero-energy modes.28, 29 The sign
of the winding number is related to the eigenvalue of Γ̂
for the zero-energy mode, namely its chirality. Impurity
effects of the short-range potential in the kz-space do not
affect the zero-energy CdGM modes around q = 0 with
the same chirality. This is because perturbations couple
the zero-energy modes with opposite chirality.27
Since we have already demonstrated that the topo-
logical argument of nodal superconductors is effective
even when momentum transfer is caused by impurity
scattering, we can discuss the robustness of the CdGM
modes against impurities for the other possible super-
conducting states of UPt3 without complicated calcula-
tions. The E1u and E2u chiral states have the gap func-
tions ∆ˆ(k, φ) = ∆0e
iφ(kx + iky)(5k
2
z − k2F)/k3Fσˆx and
∆ˆ(k, φ) = ∆0e
iφ(kx + iky)
2kz/k
3
Fσˆx, respectively. Both
the gap functions give the winding number w0 = wpi = 0
for any kz
30 owing to the difference in the spin state
from the E1u planar state. The trivial topological num-
ber reflects the absence of zero-energy CdGM modes.
For the E1u chiral state, the lowest CdGM modes in-
deed have a gap owing to the magnetic field in the
z-direction. Since the magnetic field deforms the wave
function of the CdGM modes with the energy shift,
M(0,q),(0,q) 6= 0. Therefore, the lowest CdGM modes have
a broadened DOS even by columnar defects without mo-
mentum transfer on kz .
In summary, we have studied impurity effects on
CdGM modes in a vortex for nodal topological supercon-
ductors by focusing on the E1u planar state, which is a
possible superconducting state in UPt3. We have demon-
strated that the coherence factor of the zero-energy
CdGM modes vanishes for quasiparticle pairs with mo-
menta on the same side of a horizontal line node. The co-
herence factor reflects the one-dimensional winding num-
ber defined on a particular momentum space, which does
not change unless crossing the horizontal line node. Thus,
the classification of nodal topological superconductors by
the topological number on a particular momentum space
is effective even when there is momentum transfer. The
characteristic coherence effects of nodal topological su-
perconductors shown in Fig. 2 can be confirmed by com-
paring flux flow conductivities, which depend on the re-
laxation time τ = ~/Γ of the CdGM modes,11 before and
after spreading artificial columnar defects.31, 32 We may
directly observe the q-dependent coherence factor of the
zero-energy CdGM modes by inelastic neutron scattering
experiments or quasiparticle interference imaging.
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Supplementary Material
Caroli-de Gennes-Matricon modes for the E1u planar state
In the Supplemental Material, we derive the Caroli-de Gennes-Matricon (CdGM) modes1 in a vortex for the E1u
planar state,2, 3 which is a strong candidate for the superconducting state of UPt3. We start out the derivation from
the Bogoliubov-de Gennes (BdG) equation for the inhomogeneous order parameter:∫
dr2
(
ǫˆ(r1, r2) ∆ˆ(r1, r2)
∆ˆ†(r2, r1) −ǫˆT(r2, r1)
)
~uν(r2) = Eν~uν(r1). (S.1)
The normal state Hamiltonian omitting the vector potential is given by
ǫˆ(r1, r2) = δ(r1 − r2) ~
2
2m
(
−∂2ρ −
1
ρ
∂ρ − 1
ρ2
∂2φ − ∂2z − k2F
)
σˆ0, (S.2)
where m is the particle mass, kF is the Fermi wave number, σˆ0 is the unit matrix in the spin space, and (∂ρ, ∂φ, ∂z)
are differential operators in cylindrical coordinates. The pair potential is
∆ˆ(r1, r2) =
∫
dk
(2π)3
∆ˆ(r,k)eik·r
′
, (S.3)
with r = (r1 + r2)/2 and r
′ = r1 − r2, and the wave function is
~uν(r) =

u↑ν(r)
u↓ν(r)
v↑ν(r)
v↓ν(r)
 . (S.4)
The gap function for the E1u planar state is described by
∆ˆ(r,k) = iσˆσˆy · ∆(r)
k3F
(xky + ykx)(5k
2
z − k2F), (S.5)
with the Pauli matrix σˆ. By substituting Eq. (S.5) into Eq. (S.3) and following the procedure in Ref.,4 the pair
potential is rewritten as
∆ˆ(r1, r2) = − i
kF
∆(r)Dˆ(r2)δ(r1 − r2), (S.6)
where
Dˆ(r) ≡ iσˆσˆy · (x∂y + y∂x)5∂
2
z + k
2
F
k2F
. (S.7)
When we consider a vortex along the z-direction, the order parameter ∆(r) is uniform to the z-direction. By the
integral in Eq. (S.1), the BdG equation is reduced to ǫˆ(r) ikF [∆(r)Dˆ(r) + 12 Dˆ(r)∆(r)]
i
kF
[
∆∗(r)Dˆ†(r) + 12 Dˆ†(r)∆∗(r)
]
−ǫˆT(r)
 ~uν(r) = Eν~uν(r), (S.8)
where
ǫˆ(r) ≡ ǫ(r)σˆ0 ≡ ~
2
2m
(
−∂2ρ −
1
ρ
∂ρ − 1
ρ2
∂2φ − ∂2z − k2F
)
σˆ0. (S.9)
Here, the BdG equation can be separated into the up-spin state and the down-spin state, where u↑ν ≡ (u↑ν , v↑ν)T
under ∆(r) is equivalent to
(
u↓ν
)∗ ≡ (u↓ν , v↓ν)† under ∆∗(r).
When we consider the axisymmetric vortex state described by ∆(r) = ∆(ρ) exp(iκφ) with a vorticity κ ∈ Z, we
can derive the BdG wave function as
~uν(r) =
1
2π

u↑ν(ρ)e
i κ+1
2
φ
u↓ν(ρ)e
i κ−1
2
φ
v↑ν(ρ)e
−iκ+1
2
φ
v↓ν(ρ)e
−iκ−1
2
φ
 eilφeiqz , (S.10)
with ν = (n, l, q) consisting of n ∈ Z related to the phase of the wave function, integer l for odd κ or half-integer l
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for even κ, and q = kF cosα. The BdG equation for the up-spin state is described by(
ǫ(r) ikF
[
∆(r)D(r) + 12D(r)∆(r)
]
i
kF
[
∆∗(r)D∗(r) + 12D∗(r)∆∗(r)
] −ǫ(r)
)(
u↑ν(ρ)e
iκ+1
2
φ
v↑ν(ρ)e
−i κ+1
2
φ
)
eilφeiqz
= Eν
(
u↑ν(ρ)e
i κ+1
2
φ
v↑ν(ρ)e
−iκ+1
2
φ
)
eilφeiqz , (S.11)
where
D(r) ≡ ieiφ
(
∂ρ + i
1
ρ
∂φ
)
5∂2z + k
2
F
k2F
. (S.12)
By the symmetry between the up-spin state and the down-spin state, eigenvalue and eigenfunction of the down-spin
state are given by En,−l,−q and
(
u
↑
n,−l,−q
)∗
, respectively, under the order parameter with the opposite vorticity −κ.
From now on, we only consider the up-spin wave function uν(ρ) ≡ u↑ν(ρ) which has similar features to the chiral
p-wave state5–7 except for the q-dependence. The following derivation of the CdGM modes obeys Ref..7 By taking
real ∆(ρ) ≥ 0, Eq. (S.11) is rewritten as[
ǫF
k2F
Lm(α)τˆ0 − 1
kF
{(
∆(ρ)
d
dρ
+
∆(ρ)
2ρ
)
(5 cos2 α− 1) + 5
2
κ
ρ
∆(ρ) cos2 α− 1
2
∆′(ρ)
}
τˆx + Eν τˆz
]
uν(ρ)
=
[
ǫF
(κ+ 1)l
(kFρ)2
τˆz − i∆(ρ) l
kFρ
(5 cos2 α− 1)τˆy
]
uν(ρ), (S.13)
where ǫF is the Fermi energy, τˆ0 and τˆ are the unit matrix and the Pauli matrix, respectively, in the Nambu space,
and
Lm(α) ≡ d
2
d2ρ
+
1
ρ
d
dρ
− m
2
ρ2
+ k2F sin
2 α, (S.14)
with m ≡
√
l2 + (κ+1)
2
4 .
Here, we introduce a radius ρc that ∆(ρ) = 0 for ρ < ρc, where |l| ≪ kFρc ≪ kFξ on the coherence length
ξ ≡ ~vF/∆(∞) defined by using the Fermi velocity vF. The solution of the wave function in Eq. (S.13) is obtained
in the range of ρ < ρc as
uν(ρ) =
(
N uν Jl+ κ+1
2
(k+ν ρ)
N vν Jl−κ+1
2
(k−ν ρ)
)
, (S.15)
where N uν and N vν are the normalization factors and we define
k±ν ≡ kF sinα±
Eν
~vF sinα
. (S.16)
For ρ > ρc, the wave function in Eq. (S.13) is assumed to consist of the Hankel function H
(1)
m and the slow
functions varying over the order of ξ, ϕν(ρ), as
uν(ρ) = H
(1)
m (kF sinαρ)ϕν(ρ) + c.c. (S.17)
By using the ordinary condition kFξ ≫ 1, Eq. (S.13) is reduced to[
d
dρ
τˆ0 − ∆(ρ)
~vF
{
(5 cos2 α− 1)− i 5κ cos
2 α
2kF sinαρ
}
τˆx
]
ϕν(ρ)
=
{
i
[
Eν
~vF sinα
− (κ+ 1)l
2kF sinαρ2
]
τˆz − ∆(ρ)
~vF
l
kF sinαρ
(5 cos2 α− 1)τˆy
}
ϕν(ρ). (S.18)
By the assumptions |Eν | ≪ ∆(∞) and kFρc ≫ |l|, the right-hand-side of Eq. (S.18) can be regarded as a small
perturbation. The solution within the first order on |ψν | ≪ 1 is given by
ϕν(ρ) = Aνe
−χq(ρ)+iκχ˜q(ρ)
(
1 + iψν(ρ)
−sq[1− iψν(ρ)]
)
≈ Aνe−χq(ρ)+iκχ˜q(ρ)
(
eiψν(ρ)
−sqe−iψν(ρ)
)
, (S.19)
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where sq ≡ sgn(5 cos2 α− 1),
χq(ρ) ≡ |5 cos
2 α− 1|
~vF
∫ ρ
0
∆(ρ′)dρ′, χ˜q(ρ) ≡ sq 5 cos
2 α
2~vF sinα
∫ ρ
0
∆(ρ′)
kFρ′
dρ′, (S.20)
and
ψν(ρ) ≡ −
∫ ∞
ρ
[
Eν
~vF sinα
− (κ+ 1)l
2kF sinαρ′2
− ∆(ρ
′)
~vF
l
kF sinαρ′
|5 cos2 α− 1|
]
e−2[χq(ρ
′)−χq(ρ)]dρ′. (S.21)
In order to obtain the solution of Eq. (S.13), the wave functions in Eq. (S.15) for ρ < ρc and in Eq. (S.17) for
ρ > ρc are matched at ρ = ρc. By using the asymptotic forms of Jm(x) and H
(1)
m (x) in x≫ |m|, the wave function
in Eq. (S.15) becomes
uν(ρc) =
√
2
πkF sinαρc
N uν cos [k+ν ρc + (l+κ+12 )2−1/42kF sinαρc − 2(l+κ+12 )+14 π]
N vν cos
[
k−ν ρc +
(l−κ+1
2
)2−1/4
2kF sinαρc
− 2(l− κ+12 )+14 π
] . (S.22)
at ρ = ρc and the wave function in Eq. (S.17) is rewritten as
uν(ρ) =
√
2
πkF sinαρ
e−χq(ρ)
(
Aνe
iη+
ν
(ρ) +A∗νe
−iη+
ν
(ρ)
−sq[Aνeiη−ν (ρ) +A∗νe−iη
−
ν
(ρ)]
)
, (S.23)
for ρ ≥ ρc, where
η±ν (ρ) ≡ kF sinαρ+
m2 − 1/4
2kF sinαρ
− 2m+ 1
4
π + κχ˜q(ρ)± ψν(ρ). (S.24)
Since χq(ρc) = χ˜q(ρc) = 0, in order to match two expressions uν(ρc) in Eq. (S.22) and in Eq. (S.23) at ρ = ρc,
ψν(ρc) in Eq. (S.24) should be satisfied both conditions
ψν(ρc) =
Eν
~vF sinα
ρc +
(κ+ 1)l
2kF sinαρc
+
π
2
(
m− l − κ+ 1
2
)
− γν , (S.25)
and
ψν(ρc) =
Eν
~vF sinα
ρc +
(κ+ 1)l
2kF sinαρc
− π
2
(
m− l + κ+ 1
2
)
+ γν + nπ, (S.26)
with the relation among the coefficients, that is N vν = −sqN uν for even n or N vν = sqN uν for odd n and Aν =
(N uν /2)eiγν . When γν = (m− l− n)π/2, Eqs. (S.25) and (S.26) become the identical expression:
ψν(ρc) =
Eν
~vF sinα
ρc +
(κ+ 1)l
2kF sinαρc
+
π
2
(
n− κ+ 1
2
)
. (S.27)
The general expression of ψν(ρ) in Eq. (S.21) for ρ > ρc should correspond to Eq. (S.27) at ρ = ρc. This condition
provides the eigenvalue of the BdG equation (S.11) as
Eν = −κlωq −
(
n− κ+ 1
2
)
ω′q, (S.28)
where
ωq ≡ |5 cos2 α− 1|
∫∞
0
∆(ρ′)
kFρ′
e−2χq(ρ
′)dρ′∫∞
0
e−2χq(ρ
′)dρ′
∼ ∆(∞)
2
ǫF
, (S.29)
and
ω′q ≡ sinα
π~vF
2
∫∞
0
e−2χq(ρ
′)dρ′
∼ ∆(∞). (S.30)
Since ωq ≪ ω′q, the eigenvalue of the CdGM modes for singly quantized vortex states with κ = ±1 is given by
n = (κ+ 1)/2.8
By using the eigenvalue Eν = −κlωq, the phase ψν(ρ) of the eigenfunction of the CdGM modes for κ = ±1 is
given by Eq. (S.21) as
ψν(ρ) =
Eν
~vF sinα
ρ+
(κ+ 1)l
2kF sinαρ
+ κlψ˜q(ρ), (S.31)
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where
ψ˜q(ρ) ≡ |5 cos
2 α− 1|
~vF sinα
∫ ρ
0
[
1
kFρ′
− 2ωq
~vF
ρ′
]
∆(ρ′)e−2[χq(ρ
′)−χq(ρ)]dρ′. (S.32)
From Eq. (S.23), the eigenfunction for the up-spin state is given by
u↑ν(ρ) = N ↑ν
(
Jl+κ+1
2
[k+ν ρ+ κlψ˜q(ρ) + κχ˜q(ρ)]
κsqJl− κ+1
2
[k−ν ρ− κlψ˜q(ρ) + κχ˜q(ρ)]
)
e−χq(ρ), (S.33)
which is matched to Eq. (S.15) at ρ = ρc because χq(ρc) = χ˜q(ρc) = ψ˜q(ρc) = 0 due to the assumption ∆(ρ < ρc) = 0.
The evaluation of the argument in the Bessel function can be advanced to
k±ν ρ± κlψ˜q(ρ) + κχ˜q(ρ) =kF sinαρ±
Eν
~vF sinα
∫ ρ
0
(
1− |5 cos
2 α− 1|
ωq
∆(ρ′)
kFρ′
)
e−2[χq(ρ
′)−χq(ρ)]dρ′ + κχ˜q(ρ)
≡kF sinαρ± Eν
~vF sinα
fq(ρ) + κχ˜q(ρ). (S.34)
Since |fq(ρ)|/ξ . 1, the second term in Eq. (S.34) can be neglected by |Eν | ≪ ∆(∞). Moreover, the third term in
Eq. (S.34) is much less than the first term for any ρ owing to kFξ ≫ 1. Finally, from the symmetry between u↑ν and
u↓ν , the BdG wave function in Eq. (S.10) is given by(
u↑ν(ρ)
v↑ν(ρ)
)
= N ↑ν
(
Jl+ κ+1
2
(kqρ)
κsqJl−κ+1
2
(kqρ)
)
e−χq(ρ),
(
u↓ν(ρ)
v↓ν(ρ)
)
= N ↓ν
(
Jl+κ−1
2
(kqρ)
−κsqJl−κ−1
2
(kqρ)
)
e−χq(ρ), (S.35)
with kq ≡ kF sinα.
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